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Abstract
In the article we construct new non-trivial state-sum invariants of virtual knots and
links using a generalization of the Carter-Saito theorem for classical knots.
Key words. Virtual knots, virtual links, quandle, invariant state-sum, cohomology of
quandle.
1 Introduction
1.1 Kauffman theory of virtual knots and links
Define a diagram of a virtual link as classical diagram, each intersection of which is
equipped with one of three marks - a classical over- or undercrossing or a virtual crossing
(Fig.1).
Fig.1 Classical and virtual crossings
The equivalence relation on virtual diagram is generated by isotopy, a finite sequence
of classical Reidemeister and virtual Reidemeister moves (Fig.2, Fig.3).
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Fig.2 Classical Reidemeister moves
Fig.3 Virtual Reidemeister moves
The theory of virtual knots is of interest as it is closely connected with such topics
as the study of knots in thickened surfaces, the purely combinatorial domain of Gauss
codes and Gauss diagrams [1][2], the theory of virtual manifolds and generalization
of Vitten-Reshetikhin-Turaev invarinats [3]. Therefore, it is important to construct
invariants of virtual knots. In the article new non-trivial state-sum invariants of virtual
knots and links will be constructed, which are obtained from the generalization of the
Carter-Saito theorem for classical knots [4].
1.2 Carter-Saito theorem for classical knots and links
Define the following algebraic objectes [4][5][6]:
Definition 1.1. A quandle is a set equipped with binary operations satisfying 1, 2, 3:
1. ∀a ∈ G : a ∗ a = a
2. ∀a, b ∈ G ∃!x ∈ G : x ∗ a = b
3. ∀a, b, c ∈ G : (a ∗ b) ∗ c = (a ∗ c) ∗ (b ∗ c)
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Definition 1.2. A 2-cocycle φ is function φ : G×G→ R (when R is a abelian ring),
which satisfying the identities 1 and 2:
1. ∀a ∈ G : φ(a, a) = 1
2. ∀a, b, c ∈ G : φ(a, b)φ(a ∗ b, c) = φ(a, c)φ(a ∗ c, b ∗ c)
Using a fixed quandle G and a fixed 2-cocycle φ, we construct the invariant of classical
knots and links which is called the state-sum. We color the arcs with elements of G and
define the weights of each intersection using the 2-cocycle φ according to Fig.4 [4].
Fig.4 Coloring rules
Theorem 1. Carter-Saito.
The state-sum function Z(D,φ) =
∑
C
∏
φ(x, y)σt is an invariant of a knot or link
with a given diagram D, when the product is taken over the all crossings of the given
diagram, and the sum is taken over the set C - all possible colorings, σ = −1, 1 are
selected as in the Fig.4, and t - formal parameter.
Fig.5 First and second classical moves
Proof. 1. Consider the first Reidemeister move: by the first identity of the quandle and
the first identity of the 2-cocycle the state-sum function is preserved (Fig.5).
2. Consider the second Reidemeister move: by the second identity of the quandle the
state-sum function is preserved (Fig.5).
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Fig.6 Third classical moves
3. Consider the second Reidemeister move: by the second and the third identities of
the quandle and the first identity of the 2-cocycle the state-sum function is preserved
(Fig.6).
Remark 1. Formally, other cases of the orientation and the position of the arcs of
the diagram are not analyzed, but they are analyzed similarly with the Kauffman trick
(Fig.7).
Remark 2. The Kauffman trick can similarly be done for the semi-virtual Ω
′
3 moves
and the virtual Ω
′
2 moves.
Fig.7 Kauffman trick
Remark 3. The Carter-Saito theorem is also true for knots and links in RP 3 and is
proved in the same way. Definition of links in RP 3 see in [7][8].
2 Generalization of the Carter-Saito theorem for vir-
tual knots
2.1 Carter-Saito theorem for virtual knots
Consider a fixed finite quandle G, a fixed 2-cocycle φ of the quandle G and a fixed
automorphism of G. We will color the arcs of a given oriented virtual knot or link
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diagram by the elements of the quandle G by rules as in Fig.4 and Fig.8, for each classical
intersection we define the weight that is given by the 2-cocycle φ as in Fig.4 and for
each virtual intersection we define the weight is equal 1 as in Fig.8. Colorings are close
to those have been described in the article [7].
Fig.8 Coloring rules for virtual intersection
We describe how the coloring of a diagram changes under the first three virtual moves
(Fig.9). By a simple search of possible orientations and using the virtual Kauffman trick,
we have the following preposition:
Fig.9 The first three virtual moves
Preposition 1.1. The state-sum function Z(D,φ, f) =
∑
C
∏
φ(x, y)σ is an invariant
of a virtual knot or link with a given diagram D under the classical Reidemeister moves
and the first three virtual Reidemeister moves, when the product is taken over the all
classical crossings of the given diagram, and the sum is taken over the set C - all possible
colorings, σ = −1, 1 are selected as in the Fig.4.
Now we describe how the coloring of a diagram changes under the Ω′3 move (Fig.10).
By a simple search of possible orientations and using the virtual Kauffman trick, we
obtain the following theorem:
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Fig.10 Ω′3 move
Theorem 2. 1. The function Z1(D,φ, f) =
∏
C
∏
φ(x, y)σt is an invariant of a virtual
knot or link with the given diagram D under the all classical and virtual moves, when
the second product is taken over the all classical crossings of the given diagram, and the
first product is taken over thr set C - all possible colorings. The function Z1 we will call
the stat-weight.
2. Consider f - a fixed automorphism of quandle G and φ - a fixed 2-cocycle. If
f and φ are satisfying ∀a, b ∈ G : φ(a, b) = φ(f(a), f(b)), then function Z2(D,φ, f) =∑
C
∏
φ(x, y)σt is an invariant of a virtual knot or link under the all classical and virtual
moves, when the product is taken over the all classical crossings of the given diagram,
and the sum is taken over the set C - the all possible colorings. The function Z1 we will
call the stat-sum, and the automorphism f - preserving of the 2-cocycle φ.
3. If 2-cocycles φ and φ
′
are cohomologous, then Z1(D,φ, f) = Z1(D,φ
′
, f).
Proof. 1. It suffices to prove that Z1 is invariant under Ω
′
3. Values of Z1 before and after
Ω′3 are different by factors of the form: P1 =
∏
φ(xi, yi) and P2 =
∏
φ(f(xi), f(yi)).
However, f is an automorphism, therefore, if A is a possible colloring of D then f(A) (if
in the colloring A a arc is colored by a element a, then in the colloring f(A) the same
arc is colored by the element f(a)) is a possible coloring. Accordingly P1 = P2, that
completes the proof.
2. The proof is similar to the proof of the Carter-Saito theorem for classical knots
(Fig.5, 6, 9 and 10).
3. We will follow the ideas of [4]. It suffices to prove that point 3 is true for the
coboundaries φ(x, y) = ψ(x)ψ−1(x ∗ y). Consider a possible coloring A and the ”long”
arc of D (Fig.11), their contribution to the stat-weight is equal to ψ−1(ω)ψ(fn(ω)).
Since the quandle G is finite, then there exists a minimal k such that id = fk. Therefore
for the coloring A and the ”long” arc, we have the following factor of stat-weight:
ψ−1(ω)ψ(fn(ω))ψ−1(f(ω))ψ(fn+1(ω))... ψ−1(fk−1ω))ψ(fk−1+n(ω)) is equal to 1, which
completes the proof.
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Fig.11 ”Long” arc
Remark 4. The function Z3(D,φ) =
∑
A
∏
C
∏
φ(x, y)σt is an invariant of a virtual knot
or link under the all classical and virtual moves, when the sum is taken over the all
automorphism of G.
2.2 Examples
Consider the quandle Q = Z4 with the operation ∗ : i ∗ j = 2j − i (mod 4). We have
non-trivial 2-cocycle φ : Q → Z, which is defined as follows: φ(a1, b1) = φ(a1, b2) = t
otherwise φ = 1, when t - forming under multiplication Z, and a1 = 0 , b1 = 1 , a2 = 2 ,
b2 = 3. It is easy to verify that the automorphism f(b) = b ∗ a1 is a 2-cocycle preserving
φ.
Calculate the state-sum using the quandle Q and the automorphism f for the links
as in the Fig.12.
Fig.12 Examples of links
1. For the first the state-sum is equal to 8(1 + t).
2. For the second the state-sum is equal to 8.
3. For the third the state-sum is equal to 4(1 + t).
4. For the fourth the state-sum is equal to 4(1 + t).
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